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1. Introduction 



In the past year six-dimensional string theories have come under intense scrutiny 
HI [H in [Ml 11] ■ '^^^ ^^"^ six-dimensional string theories are interesting in their own 
right and have many potential applications. They are both similar to and different from 
ten-dimensional strings. They are similar in that they describe Lorentz-invariant interact- 
ing strings with finite tension and exhibit duality symmetries. They are radically difi^erent 
because they are six-dimensional and contain no graviton. It is possible that they they 
contain, in some sense, many fewer degrees of freedom. For all these reasons we will refer 
to these theories as "little string theories." 

In this note we would like to add two elements to the discussion on little string 
theories: 1.) The existence of the six-dimensional strings suggests the existence of a seven- 
dimensional super Poincare invariant theory whose low energy limit is 6+1 supersymmetric 
Yang-Mills theory (SYM). We call this theory m-theory. 2.) The little string theories have 
(little) (i-branes and a dimensionless parameter which we interpret as a coupling constant. 

The construction of the theories proceeds by taking limits of the 11, 10 dimensional 
theories in the presence of k 5-branes, 6-branes, or a multi-Taub-NUT geometry, depend- 
ing on the duality frame. The limiting theory is the theory of strings "captured" by the 
5-branes or by the centers of the Taub-NUT space. The existence of these captured strings, 
while surprising, is demanded by [/-duality. The precise dynamics of the capturing mecha- 
nism has been recently studied in terms of the decoupling of Coulomb and Higgs branches 
of a Dl- or L»2-brane probe HQIB. 

The spectrum of excited states in m, a, b theories parallels that in 11, 10 dimensions. 
The mfc theory associated to k parallel D6 branes contains no strings but does contain k'^ 
interacting membranes with a U{k) symmetry. The low energy limit is U{k) 6 + 1 SYM and 
does not contain the graviton multiplet. Similarly, the ak theory contains /c^ interacting 
strings, dO and d2 branes, while the bk theory contains /c^ SL{2, TL) multiplets of strings. 
The low energy limit of this theory is the mysterious nonabelian tensor multiplet theory 



with Uik) gauge invariance whose existence was predicted in [P|[p!0 . 

The paper is organized as follows. In the next section we outline the main ideas leading 
to m-theory. A detailed discussion of the limits which should define the little theories is 
given in section 3. The duality symmetries of the little strings are discussed in section 4. 



^ The authors of ||T| have used the term "microstring theories." 



Section 5 contains some remarks on BPS states, and section 6 makes some preliminary 
remarks on the phenomenon of captured strings. 

During the course of this work several papers have appeared with substantial overlap 



with our work. This includes [0 1§] [|n[. We hope that the two points mentioned above 
are novel (and correct!). 



2. From M-theory to m-theory 
2.1. Cast of characters 

We would like to search for a lower-dimensional analogue of M-theory. Our desiderata 
include Lorentz invariance, existence of extended objects, duality symmetry, and geomet- 
rically defined interactions. Moreover, in searching for a minimal or simplest version of 
lower-dimensional M theory we ask that the theory have no gravity, since a theory with 
gravity is likely to end up being a well-known phase of M-theory. 

A natural candidate for such a lower dimensional theory without gravity is a theory on 
a brane. However, in general, the notion of "the theory on the brane" is not well-defined. 
The modes of excitation of the brane couple to the bulk modes. For example, consider 
scattering of particles within the brane. These will inevitably lead to gravitational radiation 
which will radiate off the brane into the bulk spacetime in which the brane is embedded. 
The amplitude of the radiation is suppressed by the Planck scale Eq = Mpianck of the bulk 
noncompactified theory. In low energy processes {E << Eg) gravitational radiation can be 
neglected. Thus we search for interacting theories that have extended objects (p-branes) 
with tensions Tp much smaller than the scale of emmission of gravity: 

Ep = (Tp)i/(P+i) « Eg. (2.1) 

The presence of such extended objects is expected to smooth the ultraviolet divergences 
(as ordinary strings do) at the scale Ep, and produce a finite theory (when we finally take 
the limit Ep/EG ^ i. 

In our search we should try to find the maximally general theories in this class. Thus, 
we look for the maximal dimension brane. An important restriction on our search is that 

^ This procedure is quite analogous to the search for finite field theories. One starts with a 
regularized theory (by adding massive particles or by embedding into a string theory) and then 
(if there are no divergences) one takes a limit in which mass of the regulator goes to infinity. 
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the brane produce a well-defined string background. Thus, the dimension of noncompact 
space transverse to the brane has to be 3 or larger. The reason is that the fields in the bulk 
must solve the Laplace equation and also must decay to the flat background at inflnity. 
If there are two noncompact dimensions then there is an unacceptable logarithmic growth 
at infinity. Thus, we conclude that the maximal possible spatial dimension of the brane is 
6 in type II theories and 7 in M-theory. These considerations isolate the 6-brane of type 
IIA theory as a distinguished theory, i We will denote a IIA string background with a 
collection of k parallel -D6 branes as (-D6, (7, Ti^)^, where g is the string coupling constant 
and TiA is the tension of the string. 

Using compactification and dualities one can relate this distinguished background 
to several other interesting backgrounds. In particular, if the brane wraps a longi- 
tudinal circle then we can dualize to backgrounds with various 5-branes inserted. We 
will denote such compactifications as {N Sb{A), R, g,TiA}k, {N Sb{B), R, g,TiB)k and 
(D5, R, (7, TiB)k- NS5 denotes the solitonic 5-brane of while D5 denotes the Dirichlet 
5-brane. @ R denotes the radius of a circle transverse to the 5-brane. The corresponding 
M-theory background is denoted as (M5, R2, 7a/2)/c where R2 are the radii of the 
transverse torus and the Tm2 is the tension of the M-theory 2-brane Tm2 = 1 /^"^ , where i 
is the eleven-dimensional Planck length. 

2.2. The Taub-NUT picture 

The T-dual along a circle transverse to a solitonic Sbrane is a Taub-NUT space. There- 
fore, all of the above backgrounds can be related to backgrounds involving (multi)Taub- 
NUT gravitational instantons. 

A multi-TN geometry is defined by the 4-dimensional metric: 

rfs2 _ u-\dx^ + Q ■ dxf -f U{dxf 
dU = *3UJ ■ dx 

1 J\ e (2-2) 

) ^ nf nr" . 

i—1 

< < 2TTi 

^ These and other problems that one encounters in higher dimensions, including 10, will be 
discussed in [ p^ . 

^ The solitonic 5-brane is often called the NS 5-brane because it is charged under the NS 
i?-field. Surely there is a more rational terminology! 
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In M theory such a geometry defines a p = 6 brane while in type II theory such a geometry 
defines a p = 5 brane. (From the M-theory perspective the TN geometry is transverse to 
the circle defining the string limit.) 

The asymptotic Taub-NUT geometry for M theory is characterized by one dimen- 
sionless parameter, the radius V of the Hopf fiber in the squashed 3-sphere as measured 
in 11-dimensional Planck units. The type II strings in a Taub-NUT geometry have two di- 
mensionless parameters: one is the string coupling constant g, the other is the radius of the 
Taub-NUT measured in string units. We denote the (multi) Taub-NUT brane with the ra- 
dius R in IIA, IIB and 11 dimensional phases as {TN5[A, i?], g, Tiyi)^, {TN5[B, i?], g, TiB)k 
and (TA^6[M, i?], TM2)k respectively. The explicit dual relations between the backgrounds 
are: 

[DQ, g,t)k= (tN6 [M, ^] , f/''/g^ (2.3) 

{D5, R, g,t)k= {NS5{B), R, 1/g, t/g)^ 

9, 1 (2-4) 



(M5,i?i,i?2,TM2 =r3)fc = {NS{A),R2,{Ri/lf'\Rir^)k 



(2.5) 



k 



The equality (|2.3|) follows from the promotion of //A-theory to M-theory |jT^ [jT5| . We 
have used 5- duality in 



2. 3. Definition of the little theories 

It is quite instructive to write the above theories in "Taub-NUT variables." In TN 
variables the above three backgrounds are expressed as: 

[TNh[M,Vl\,TM2=r^^ ={D&,V^'^,Vr'')k, (2.6) 



1 V 



(2.7) 
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M5, -^^^^^ 



In the next section we compare the bulk Planck mass with the tensions of extended 
objects on the branes in various duality frames, using the relation f/^lAfpianck)^ ~ (7'ia,b)'^ 
between the 10-dimensional Plank mass M^^^^^-^, string coupling constant g, and string 
tension Tia,b- The ratio of scales given by these tensions and the Planck mass goes to zero 
if and only if y ^ oo (while keeping other parameters in the Taub-NUT picture fixed) . 



Therefore, we define the m, a, b theories as limits of theories ^2.6^ ), ( \2. 7{ ) and ^ 
when V oo, respectively. 

In the next several sections we will show that: 

1. The theories whose worldvolume is at the center of the Taub-NUT contains all p- 
branes(for p < 3) of the bulk theory, i.e. m-theory contains 2-branes (captured from 
the 2-branes of the M-theory), //a-theory contains membranes and strings, while 
//6-theory contains an SL{2, 2) multiplet of strings. Moreover, a and b theories have 
cZ-branes and hence are interacting string theories. 

2. Compactifying m-theory on a circle gives a-theory and the group of w-dualities of m- 
theory follows from the T and 5" dualities of M-theory compactified on the Taub-NUT. 

3. The little theories have a rich BPS spectrum, but do not contain gravity. 

^From 1,2,3 we see that the the brane defined by the center of a Taub-NUT geometry 
can be regarded as a "universal attractor" of the branes of the bulk theory. Moreover, it 
attracts only those branes that have codimension bigger than two within the brane. 



3. Snapshots of the a/6, m, / theories 

In this section we give a more detailed description of the scales defined by the captured 
branes in various pictures of the Sbrane. A key point in what follows is that captured strings 
are interacting. Captured fundamental strings can end on captured D-branes. Thus the 
little string has d-branes. We postulate that the d p-brane has tension ~ it(p+i)/2 where t 
is the tension of a little string. This defines a dimensionless coupling g for the little string 
theory. 

Let us introduce some notation. We will consider compactification on a product of 
circles with a diagonal metric and with background antisymetric tensor fields put to zero. 
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We denote directions by their radii. Radii which are not exphcitly written are assumed to 
be infinite. If a background has a brane inserted we put a bar over directions which are 
wrapped by a brane. A subscript indicates multiphcity or brane type. No bar indicates 
that the direction is not wrapped. Couphngs and/or tensions needed to specify the theory 
are Hsted after the semicolon. We now discuss the same hmit in several different duality 
frames, or pictures. 

3.1. The tens ormultiplet picture: Definition 1 of Ilb-theory 

The easiest "little string theory" to define is lib. We start with the system: 



M : i?2, -R3, -R4, R5)k,M5, Re, R7', Tm2 = ^ (3.1) 
The 5-brane theory has two basic strings from the wrapped M2-branes of tensions 

hio = Rel^^ hoi = R7/i^ (3.2) 

We will find that the limit in which gravity decouples involves shrinking the radii i?6, R7 
and hence we should compare energies to the 9-dimensional Planck scale. Thus, gravity 
decouples when we perform experiments on the Sbrane at energies i 

Vt^o,Vt^i< i?e.pt « M^^Lk = (^) (3.3) 
Equivalently, we take i —>■ holding the string tensions fixed: 

Re/i = hioi^ ^ 

(3.4) 

Rr/i = twi^' ^ 

The definition of lib theory depends on introducing a scale and a dimensionless coupling 
constant gi, or equivalently, two string tensions tf,io and t^oi- From its origin in the bulk the 
little (Ol)-string is a Dirichlet string for the little (lO)-string so the coupling is gb = Rq/Ry, 
just as for the bulk IIB string. In summary: 

lib : R2, -R37 R4, R5',9b = ibio/^boiitib = ibio 

= • (-^1' -^2, -R3, -R4, R5)m5,R6 = iblO^ , R7 = tbOl^ ]Tm2 = ^ 

After transformation to the picture of IIB compactified on Taub-NUT we see that 
strings on the brane are transformed into the (1,0) and (0, 1) strings of type IIB theory, 
captured by center of Taub-NUT. The dimensionless parameters Rq/ I, Rj / 1 expressed in 
Taub-NUT units are equal to 1/ {V'^gB)^^^ and {gB/V)"^^^ respectively. Thus, we have 
shown that the limit of decoupling of gravity decribed above really corresponds to large V 
limit. 



^ Experiments performed at energies -Eexpt < \/tbio, \/tboi are described by the tensormultiplet 
field theory. 
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3.2. The tens ormultiplet picture: Definition 2 of Ilb-theory 

Closely related to the above defintion of lib theory is the definition following from 
the NS5-brane transverse to a compact direction. Thus we consider the theory: 



II A : i?2, R3, -R4, R5)k,NS, -Re; 9a, Tai (3.6) 

The definition of the little string in this duality frame is motivated by considering 
certain excitations on the Sbrane. In particular there is a fundamental string of tension 
tif, = TiA embedded in the NS5 brane. In addition, the wrapped D2 brane can end on 
the NS5 brane giving a 1-brane that is a Dirichlet brane for the captured fundamental 
string. Hence we will call it the (01)6-string. The tension of the (01)6-string equals 

t(oi)6 = TD2R6 = R(i{TAif'''/gA. i 

Since the (01)6-string is a Dirichlet string for the (10)6 string the coupling follows 
from: 

^(01)6 = — (^(io)b) ■ (3-7) 
9b 

Now {m'^I^^^Y = 1^14-^ so we take a limit: 

9 a 



1 /2 

/'M^^) ^2/- ^ T^i ^2/7 . 
(^^PlanckJ l^mb - (—2 ) 00 

yA 



,3 



y^G-'-Ai ) 



(3.^ 



The solution of these conditions is easily expressed in Taub-NUT variables: we need 
only take V to infinity. Indeed, the first expression above is equal to (^/fi*^)^^^' while the 
second is equal to (V'^g^)^/'^ . Note that this is simply the limit in which both coupling 
constant qua and the radius of the transversal circle Rq go to zero like l/V. 

The case Rq = 00 considered in seems to be infinitely far away from the case we 
are dealing with. In this case D-brane in the little string theory is infinitely heavy. 

Similarly to the previous case one can show that after T duality in the sixth direction 
strings on the brane become captured IIB (1,0) and (0,1) strings. The captured funda- 
mental string is still a fundamental string after the T-duality, while wrapped D2 brane 
becomes the captured Dl- brane, i.e. the IIB (0,1) string. 



^ Note that there is no Kaluza-Klein tower of particles since a fundamental string cannot end 
on the N5 brane. 
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3.3. The vectormultiplet picture: Definition of the I la-theory from the I IB Dh-hrane 
Now let us consider the IIA string with a wrapped Db brane: 



IIB : i?2, -R35 -R4, R^)k,Db^ -Re; 9b, Tbi (3.9) 

The relevant excitations are the instanton strin^l in the low-energy 5 + 1 U{k) super- 
Yang-Mills with tension tai = Tib/qb, together with the 2-branes and 0-branes obtained 
by wrapping the D3 brane and (1,0) IIB string around the sixth direction. These branes 
have tensions ta2 = T^^Rq/qb and tao = TibRq- These 0-branes and 2-branes are Dirichlet 

l3/2 1I/2 

branes for the instantonic string and one can easily check that ta2 = '^^ai ^ao = ~^ai 
for 

ga = l/{R,Tlffg^/^) 
The limit we want is: Qa is fixed, while 

(<LJ!^((Zi4!^)^A9iL^oo (3,10) 

tla Qb 

If we pass to the Taub-NUT variables for TA^5[A] , we easily get Qa = 9 11 a-, while the left 
hand side of expression ( p.lO|) is simply given by V . 

^From ( |2.7| ) we see that in this limit the radius of the transversal circle decreases as 
1/V while the coupling constant and tension grow like V. 

As in all other cases we will show that after dualization to the Taub-NUT picture 
strings and branes become captured bulk strings and branes. However, in order to see this 
we must first go to the ^S-dual picture. 

3.4. The vectormultiplet picture: Definition of the Ila theory from the IIB NS5 brane 
The S'-dual vectormultiplet picture starts from the background: 



IIB : (i?i, i?2, R3, Ra-, Rb)k,NS, Re', 9b, Tbi (3-11) 

This background is S'-dual to the IIB D5- brane background, so it is quite obvious 
that the little string in this case is still an instantonic string, (i.e. a captured fundamental 



^ also known as a bound state of the Dl-brane with k Z)5-branes 
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string), with tension tai = Tib, while the 0- and 2- branes come from Dl- and DS-branes 
wrapped arownd the sixth dimension. 

The tension of the captured fundamental string is tai = Tub, while the tensions of 
the branes are 

taO — TjisRe/gB, (3-12) 

and 

ta2=TfjBR6/9B (3.13) 

SO the little string coupling constant follows from 

tao=Till/ga (3.14) 

and equals 

ga = {TjllRe)-^gB . (3.15) 
The condition of decoupling of gravity is 

{TfiBR^/glf'/TiiB oo (3.16) 

with Qa held fixed. 

Once again, it is easy to show that in Taub-NUT variables Qa = Qua, and expression 
( p.l6|) behaves like 

iTji'BR./9l?^' = {Vh'nA?" (3.17) 

Thus, we get decoupling of gravity for constant tension, and for transverse radius and 
coupling constant decaying like 1/1^. 

After T duality in the sixth direction the wrapped -Dl- and iD3-branes turn iDO- and 
£)2-branes captured by the center of Taub-NUT 

3.5. The 6 + 1-dimensional picture: definition of m-theory 

Finally, to define m-theory we begin with IIA theory with parameters 



II A : (i?i, i?2, R3, -R4, R5, R&)k,D&] 9 A, Tai (3.18) 
The 6 + 1 SYM coupling gives the tension of the instantonic membrane: 

tm2 = ^ = —TT (3.19) 
^6+1 9A 



There are now monopole 3-branes, and instantonic 2-branes, but no strings. 
We wish to decouple bulk gravity. Therefore, 

^-^^^^ = '-^-^ = gT ^ oc (3.20) 

Thus, to define m-theory we must introduce one scale, tm2 and take the limit: 



m: -Ri, i?2 5 -R35 -R57 -R6;^m2 
lim II A : (i?i, i?2, ^3, ^4, ^5, ^6)d6; fi'A, 7ai = {gAtm2Y^^ 



(3.21) 



3A- 

So, m-theory is obtained from the theory on the DiS brane when the string coupling 
constant grows while the tension of Z)2-brane is kept fixed. In Taub-NUT units gA = V^^"^, 
again are confirming the Taub-NUT picture. 

Because of its origin, m-theory should be a 6 -|- 1-dimensional Poincare invariant 
theory with 16 real supercharges. Its low energy limit is described by 6 -|- 1-dimensional 
SYM theory and has no graviton in the spectrum. It has neutral 2-branes. Note that 
the definition of Ila is precisely correct for its interpretation as the compactification of 
m-theory on a circle of radius R^. 

3. 6. Definition of f theory 

In the first definition of lib theory we recognize a lower-dimensional version of F- 
theory. Because the M5- and N5- branes do not change under T-duality the above theories 
are intrinsically 5 + 1-dimensional. The coupling torus is not geometrical in lib theory. 
This is the analog of the familiar story of "twelve dimensions" of F-theory [|16[ [1^ . 



Moreover, it is significant that we have derived /-theory from a bulk picture of branes. 
Note that since the Mb brane is geometrically embedded into the 7-torus we conclude that 
the elliptic fibrations of f -theory must have a section. 

Now it is clear how to define the / theory for the category of theories without gravity: 
it is just a theory of branes wrapped around the base in an ellipticaly fibered manifold. 

3.7. The buck stops here 

As a check on the self-consistency of our story will now confirm that the M-theory 
5-brane transverse to a two-torus is the maximal theory for which we can take the little 
string limit. Consider an Mb brane perpendicular to a three-torus. The condition for 
decoupling gravity becomes: 

R,l-> « (MSL.f ^ {^^y\ (3.22) 
which is inconsistent. Thus we conclude once again that b- theory is a maximal in its class. 
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3. 8. Remarks on the decoupling of gravity 

In the above discussion we have argued that gravity decouples when certain ratios of 
scales go to zero. In fact, there are many subtleties which should be addressed before the 
decoupling of the entire bulk theory is really established. We will make some brief remarks 
on this here. 

The absence of radiation in the Taub-NUT picture (with V ^ oo) may be heuristically 
understood as follows. The low energy modes of the (i-dimensional supergravity multiplet 
{d = 10, 11) when compactified on Taub-NUT consist of the graviton multiplet and the 
KK states. First consider the "pure gravity" case. The kinetic term for these modes (far 
from the center) is given by the {d — l)-dimensional Einstein action with Planck mass 
Md-i = (M^-2i?y)i/(d-3)^ where Ma is the Planck mass of the (i-dimensional theory. 
The scale of the extended objects captured by the Taub-NUT space is M^- As F — > oo 
the ratio Md/Md-i 0, giving suppression of "pure gravitational radiation." 

The suppression of the KK radiation is more complicated, but here we can offer the 
following heuristic argument. The states with KK momentum have a mass equal to the 
inverse radius of the Taub-NUT. If such a particle moves towards the center of the Taub- 
NUT then, as the radius shrinks the mass effectively grows. This results in a repulsion 
of the particle from the center. Consequently the wavefunction of these particles vanishes 
at the center and hence they are not radiated from the brane. Of course, this heuristic 
argument could be improved by a calculation. 

Under U duality (see below) the "pure gravitational radiation" is mapped to radiation 
of the same kind. The KK radiation takes various forms in various pictures. In the -D6- 
picture it is radiation of DO-branes. These are repelled from the L>6-brane |T3] and hence 
there is no radiation of these particles. 



4. From t/-duality to w-duality 

In this section we discuss the duality symmetries of the little theories. Our starting 
point for the compactified theories is M theory on T^. Therefore the parent theory has 
C/-duality group F = ^7,7(2) = £^7,7(11) n 5p(56; 2) In the TN picture we are 

decompactifying one circle. Therefore, it is manifest that the duality group of the little 
theory should be w = i?6,6(^)- Still, it is instructive to see how w-duality arises directly 
from the other 5-brane pictures described in the previous section. 
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4.1. Reduced U- duality 

We are considering M-theory on tori = (5"^)^ with a diagonal metric and with 
Amnp = 0. This defines a subvariety of the TeichmuUer space E-jj(JR)/K , K = SU{8), 
which we call the reduced subvariety TZ. It contains much of the essential physics. This 
subvariety is nothing but a copy of the Cartan torus. We have Iwasawa decomposition 
U = NAK and the maximal split form has A = {R*y . Only a subgroup of the U duality 
group r will preserve 71. We call this the reduced U -duality group. 

The reduced duality group is easily seen to be isomorphic to the Weyl group of Ef. 
First note that 7 ■ AK/K = AK/K implies that 'j = ak where a G A and kAk~^ = A gives 
an action of the Weyl group. The reason is that 7 ■ 1 G AK ^ 'j = ak ^ a~^7 = k E K. 
Moreover {kAk~^)K = AK so kAk~^ = A. When we further take 7 G E-jj{'K) then 
we are restricted to the Weyl group W . Thus the reduced moduli space is canonically 
W^'^ = W\A. 

It is interesting to identify the physics associated to generators of the reduced duality 
group, i The Weyl group is generated by refiections in simple roots. These reflections 
may be interpreted in terms of permutations of radii, T-dualities and S'-dualities. In the 
following we work this out in the M theory frame: 

We first relate the compactification data Ri,...Rj in the M-theory metric to an 
element in A4^^'^. Cremmer and Julia |2^] define the S'L(8,1R) matrix: 

S = p-^/^Diag{Ri,...,R7,p} 

(4.1) 

p = Ri---R7 

and then construct the Ejj matrix by the embedding into 5*^(56,11): 

(The extra E-j- generators are defined infinitesimally by rank 4 antisymmetric tensors, or 
globally by preserving the quartic invariant in addition to the symplectic invariant.) 

We now define the SL{8, M) roots: ai = ei — 62, . . . , a? = 67 — eg. The spinor root 
extending S'L(8,IR) to E^j is then 

as = -^(ei + 62 + 63 4- 64) + ^{€5 + 66+67 + es) (4.3) 



^ This is closely related to recent work of |20|. These authors went beyond d = 7, obtaining 
fascinating results. 
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Decompactification to M/T^ , M/T^^ . . . etc is represented by removing, in order, from the 
Dynkin diagram [without a-j\) cti, a2, ■ ■ • , cte, «s- Note that aj = —9 is the negative of 
the highest root in the root system. If we remove ctg then we get the string group 
SL{2, M) X 0(6, 6; Z) while the subgroup SL{7, IR) is geometricaUy manifest in M theory. 

Many of the duahty formulae involving products of radii become more transparent in 
a logarithmic basis. An element of the Cartan subalgebra is 

7 8 

S = exp[^ tiai] = exp[^ yid] (4.4) 

i=l i=l 

The yi are related to the radii Ri = e^* by yi = Xi — s/4, i = 1, . . . , 7, = 3s/4, s = J2i ^i- 
We can now easily compute the action of the Weyl-group reflections on the radii for 
various roots: 

1. Wq., i = 1, . . .6, are just transpositions of the radii Ri ^ Ri+i holding other radii 
fixed. 

2. Wcfj acts via: 

i?: = i?,(i?123456)"'/' Z = l,...6 
R7 — -R7(-Rl23456) 

3. Finally, the reflection Wct^ in the spinor root acts via: 

R:, = R^iR^ReRrV^"^ z = 1,2,3,4 

(4.6) 

R[ = R^iRsReRr)-^^^ i = 5,6,7 

The reflection in the spinor root corresponds to an electromagnetic duality in a 
frame with a D3 brane. This should not be confused with the electromagnetic duality 
generated by the symplectic form O of S'p(56;Z). The latter generates an action of the 
Weyl group which is just Xi — > —Xi, ie. Ri 1/Ri.^ 

The natural generators of the Weyl group of combine to give the S and T-dualities of 
the string point of view. All relations between various duality chains can be derived from 
the Coxeter relations of the generators of the Weyl group: WiWj = WjWi if the roots are 
orthogonal WiWjWi = WjWiWj if they are connected by a line. 

^ Note that this is central. The Weyl group of Er has a central element because all the 
representations are real. 
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J^-.2. Relations between the theories following from U -dualities of the parent theory 

Having defined the httle string theories as in section 3 we can now express relations 
between them foUowing from the standard relations between the 10 dimensional string 
theories and M theory. 

We consider the system of k M5-branes (|3.1|) . In general they can be separated (but 
parallel) in the 5 transverse directions. 

This background has several equivalent descriptions related by the reduced ^/-duality 
group. The following descriptions correspond to the pictures used in the previous section 
to define the little string theories: 

Choosing the 6-cycle to define a II A theory gives: 

II A : {Ri,R2,R3,R4,R5)ns, R7; 9A = {Re/if Tai = Re/i'' (4.7) 
Applying T-duality: 



IIB:{RuR2,R3,R4jy{R5R6))NS,R7;9B = {R6/R5),TBi=R6/i'' 

Applying ^'-duality: 



IIB:{Ri,R2,R3,R4,iy{R5R6))D5,R7;9B = {R5/R6),TBl=R5/t (4.9) 

We can also get other wrapped Z)6-brane pictures, for example by applying T7 to 



II A : (i?i, i?2, i?3, i?4, ——)d,;9a = = R./t" (4.10) 

K5KQ K5K7 -fte-n-T 

and so forth. 

Now one can check that if we take the limit defining the lib theory from the Mb 
brane: 

i?6=W', i?7 = W, (4.11) 

then the corresonding limits in the other pictures is in accord with the intrinsic definitions 
of the little theories given in the previous section. For example, we get the following "little 
theories" : 



1° The Weyl group of E7 has order \W{E7)\ = 2^°3'^57 = 7!(24)2 = 2903040 so there are plenty 
of other pictures we could discuss! 
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^From (PDCT: 



lib: Ri, R2, R3, R^, R5] 9b = tbio/hoi.tbio (4-12) 

^From (PI) (14:91): 



Ila: i?2, -R35 -R4, — da — -^^-^^1==- ,tai — tbio (4-13) 



Li 



From ( p^) : /.From (p|)(p|) 



1 1 

m : i?2, — 5 — ; ^m2 = 4io^6oi-R5 (4-14) 

-K5I610 -K5I601 



4.3. u- duality 



The couplings and tensions of the httle theories ( |4.12D ( |i7T5D ( |4.14| ) are related by the 



standard rules of w-duality. The full w-duality group is w = Eq^C^). This is easily estab- 
lished by checking the generators identified above. For example, s-duality in lib theory 
is just transposition Rq ^ R7 of the parent M-theory. Moreover, the S5 = W{SL{6, 2)) 
subgroup of -Eg 5(2) is also obvious from the M-theory origin. Combining with T-dualities 
of the other string theories includes the action of the spinor root and fills out Eq^qC^). 



5. Some excitations in the mk,CLk,bk theories 

The most convenient representation for deriving infinite towers of BPS excitations 
in the little string theories is that in terms of D3 branes. Consider k I?3-branes in type 
IIB theory (with the coupling constant g, and tension Tib) that is perpendicular to the 
rectangular torus with radii Ri, R2, Rs- 

IIB : (i24, i?5, i?6)A;, -Ri, -R2, -R3; 9, Tib (5.1) 

The limit we are taking corresponds to R^Tib 0, holding g fixed. 

The massive BPS vectormultiplets are (p, q) strings that begin and end on the D3 
brane and wrap the z*'* circle rii times. They come in adjoint multiplets of U{k) and have 
masses (with background axion field equal to zero) : 

TiBViP' + qV9^)\lnlRl + nlRl + nlRl (5.2) 
15 



where ni,n2,n3 are relatively prime integers, and p,q are relatively prime integers. The 
chirality of the the higher dimensional tensormultiplet theory is reflected in the condition 
< p ■ q. 

Using T-dualities and the M-theoretic interpretation one can easily recover the 7- 
dimensional adjoint U{k) vectormultiplet and wrapped 2-branes of m theory. 
In order to get the 6-theory we first use [/-duality to rewrite ( |5.1|) as: 



II A : (i?4, i?5, Rq, — — — i?2, -R3; 9, Tib 

-til-l-lB 



M : (i?4, R5, Re, — — — , — -^^ — )k, -R2, R3', Tm2 — RiTib/q 



(5.3) 



Now we are in a position to give the interpretation of the vector-multiplet masses from the 
6-theory point of view. In 6fc-theory we expect to have k"^ SL{2, Z) multiplets of strings 
with tensions 



Tm2 ^JnlRl + njRl = /^RiT^. (5.4) 



These are the terms with ni = in ( |5.2|) . 

The terms with ni = l,n2 = ns = are the KK modes of the selfdual tensor field 
compactified on a torus. This field produces the same massless vector multiplet as a six- 
dimensional massless vectormultiplet, while it produces only 1/2 of the massive vector 
multiplets. This is reflected by the condition < p ■ q. 

Of course, the absence of the graviton multiplet in all dimensions is consistent with 
all [/-dualities. 



6. Remarks on "captured strings" 

We have argued that dualities together with the decoupling of the bulk theory in- 
evitably lead to the little string theories and their m-theory counterpart. However, in 
various pictures we see that we must have "captured strings," on branes, even at weak 
string couplings. Dualities do not explain physically how this strange phenomenon hap- 
pens. 

One explanation of the string capturing process proceeds by studying the decoupling 
of the Higgs and Coulomb branches of a Dl or D2 brane probe. This subject has been 
extensively discussed recently. Some references include [|22| [|6|[3 [p3 
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Consider k coincident DG-branes in the limit when the string couphng constant goes 
to infinity. Let us study the theory on a Z)2-brane, paraUel to the coUection of L>6-branes. 
This is a U{1) SYM theory with 8 supercharges. This theory has bosonic fields of three 
types: gauge fields A, hypermultiplets if^, z = 1, /c, and three scalars (/)a-corresponding 
to the motion of Z)2-brane perpendicular to DG-hrane. (scalars corresponding to the 
motion of a D2 parallel to D6 are irrelevant in this discussion). 

If we canonically normalize the kinetic energy for the gauge field then the bosonic 
piece of the lagrangian reads, schematically: 

+ J2id<Paf + \DH,\' + g\D{H)f + g\Y.{ct^af)C£H.H:). (6.1) 

a a i 

where D[H) are the D-terms giving the hyper kahler moment map of the ADHM construc- 
tion of the moduli space of SU{k) instantons on of instanton number 1. The one-loop 
induced Coulomb branch metric is the periodic solitonic 5-brane metric. Dualization with 
respect to the compact scalar produces the Taub-NUT geometry. IHI The Higgs branch 
X = 0, 7^ in the theory of the 2-brane theory describes the captured phase. 

A full understanding of the capturing phenomenon should come from analyzing the 
decoupling of the Coulomb and Higgs branches. In H this was discussed in terms the 



supersymmetric quantum mechanics of the DODA system This can be regarded as a 
kind of "minisuperspace approximation." Ill 

In this context the capturing phenomenon can be heuristically understood as follows. 
Taking the D4 to fill the 6, 7, 8, 9 hyperplane the U{1) VM on the DO-brane now consists 
of five scalars (pa and 4 complex fermions A. (We take Aq = gauge). The k HM's give 
complex scalars ,hi) and k together with 4 complex fermions The energy is: 

k k ^ ^ 

+g J2 V'z<^ar>^ + g + hrW + cplx. conj.) 

1=1 i=l 

where we have written the fermion couplings schematically (they are determined by the 
global symmetries). 



We ignore several confusing issues here. 

which is known to work well in various models of 2D gravity. 
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In order to study the Higgs-Coulomb transition will will introduce a highly simplified 
caricature. We consider a quantum mechanical system with two real degrees of freedom 
-ff, X, intended the represent the Higgs and Coulomb branch degree of freedom, and two 
corresponding fermionic oscillators {an, = 1, {ax, cij^} = 1, respectively. The Hamil- 
tonian is: 

n=^P^ + \PI + \g^X^H^ - \9\X\a^H<^H - \g\H\a^xax (6.3) 

The little string limit is the limit — >^ oo at fixed energy E. This is a highly quantum- 
mechanical regime. 

A fixed energy contour of the potential g^X^H^ = E is described by four hyper- 
bolas, the regions X^,H^ 00 being the regions of escape to Coulomb and Higgs 
branches. In the region <^ X^ we can use a Born-Oppenheimer approximation 
to write approximate wavefunctions. An energy eigenfunction is approximated by 
^{X,H) ^ ^,ioAX)^f^st{H;X) where 



1^2 , 1„2^2^2 l^|X|aJ,aH)^fast(i?;X)=4")(X)v&fast(i?;X) 



-P^ + -g'X'H^ 



( -Pi + Ef\x)U,,,^{X) = E^^^^,,,^{X) 



Solving for the fast modes we get an energy spectrum E^^\X) = ng\X\, n = 0, 1, 2, . . .. 
For g ^ 00 we have a zero energy state at n = 0, as guaranteed by supersymmetry, and 
a large gap above the supersymmetric ground state. Plugging in the states with n > 
into the equation for the slow modes leads to an expression for \l/siow(-'^) which decays like 
g-§9 ^ 1^1^'^ Q-^9\^\H g^j^^ YigiS a discrete spectrum E'^''^ ~ Cn,mg^^^ where the c's are 
positive constants. These states have an enormous gap above the nearly supersymmetric 
n = states. The latter have E = ^P'^ and approximate wavefunction 

^Coulomb = e'''''e-«l^l^'aJ,|0)H,x (6.5) 

These represent waves travelling on the Coulomb branch. This approximation is good for 
g\X\ ^ E, that is, E/g <^ \X\ and hence approaches all X values for g 00. 



Note that this is not a supersymmetric quantum mechanics, but is meant as a simplified 
model of the essential physics of the complicated system ( |6.2| ). 

We thank J. Harvey for a very helpful discussion on this point. Note that we are ignoring 
subtleties associated with the tube metric here. 
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An analogous discussion holds for waves on the Higgs branch with the replacement 
H ^ X, leading to approximate energy eigenfunctions: 

*Higgs = e^^^e-^l^l^^^|0)H,x (6.6) 

valid for E/g < \H\. 

Now we are ready to estimate the transition probability from Higgs to Coulomb 
branches. We can use (^]^) or ( |6.6D as an excellent approximation except in the tran- 
sition region \X\ < E/g and \H\ < E/g. This region has area E^/g"^, so, assuming there is 
no anomalous enhancement of the wavefunctions in this region ^ the contribution to the 
transition amplitude from this region must shrink to zero for g —>■ oo. Moreover, one can 
estimate the overlap integral 

< 0{g-'/^) (6.7) 

and we finally conclude that the Higgs to Coulomb transition is suppressed for 51 00. 
This is the trapping phenomenon. 

If /c = 1 the Higgs branch is just a point, so the heuristic argument becomes much 
weaker. Nevertheless, duality symmetry still predicts the strings should be captured. 
Subtleties associated with the distinction between k = 1 and k > 1 are discussed in 
It would be very interesting to do a more careful and exact analysis of the above capturing 
problem. 



Coulomb 



7. Applications and Speculations 

7.1. Future directions and applications 

It is widely appreciated that there are many potential applications for the little string 
theories. One of the main potential applications is to the formulation of the so-called 
"M(atrix) theory" approach to defining M-theory in the light cone gauge in certain back- 
grounds [|25| . The reason is that one hopes that little string theories will be more tractable 
and have fewer degrees of freedom than their big brothers. Another potential application 
has been discussed in ||2^. These theories might also be relevant to black hole physics 



H il- 



ls 



such as might occur if there were a boundstate 
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We would like to mention another application. Il3 The motivation for the present 
work was rather different from that of most of the recent papers on little string theories. 
We were motivated by a search for analogues of (d = 4, A/" = 2) super- Yang-Mills theories 
with a compact Coulomb branch. Such theories might lead to very interesting elliptic 
generalizations of the prepotentials of Seiberg-Witten theory. (A trigonometric extension 
has been given in |2^.) A natural place to search for such theories is in the theory of the 



D?> probe in F-theory compactification of IIB on [|2^[^, or in the M2-probe transverse 



to a K3 surface in M-theory on K3 |]31[]. However, the low energy theory on the probe is 
not defined by any quantum field theory but rather should be a low energy limit of some 
version of the little string theories. Indeed, our route to discovering little string theories 
proceeded by systematically simplifying the problem of understanding the D3 probe in 
F-theory. We hope that an understanding of little string theories in the simpler context of 
toroidally compactified M-theory will lead to an understanding of the more general class 
of theories with 8 supercharges and a compact Coulomb branch. 

7.2. Speculations 

Finally, we would like to mention two speculations. 

A radical interpretation of the above discussion is that 7-dimensional m-theory and 
11-dimensional M-theory are different phases of some master theory - call it M-theory. In 
M-theory even the number of spacetime dimensions is not well-defined, and takes different 
values in different phases. Thus, M and m theory are simply different phases of one theory, 
roughly analogous to the Coulomb and Higgs branches of SYM theories, respectively. 
Indeed, this analogy becomes precise when considering the effective 2-(-l dimensional theory 
of a 2-brane probe. 

An even more radical speculation posits that there is an infinite tower of theories in 
2mod4 dimensions of which m- and M- theory are but the first two examples. The line of 
reasoning suggesting this idea is the following: 

The existence of little string theories clarifies some mysterious aspects of F-theory 
[jl^ . Some aspects of F-theory suggest that it is twelve dimensional. However such an 



interpretation leads to two problems: 

Ql. Why are there no Kaluza-Klein modes coming from 11- and 12 -dimensions? 

Q2. Why do the elliptically-fibered manifolds on which we compactify require a section? 
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The work referred to in this paragraph was done in collaboration with A. Gerasimov. 
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The description of b-theory as an M5 brane perpendicular to a two-dimensional torus 
suggests the following answers: 

Al. The 10-dim type IIB theory is not a compactification of a 12-dimensional theory on a 
torus, rather it is the theory of a brane transverse to a two-torus, embedded in some 
higher-dimensional spacetime. 

A2. If we assume that lOD spacetime is a brane, we immediately conclude that the mani- 
fold, over which we "compactify" - in the sense of F-theory, needs a section, defined 
by the position of the brane. 

This viewpoint raises the question to what extent M-theory is fundamental and 
whether the 11-dimensional spacetime of M theory is simply a brane in some higher- 
dimensional space. One could go on to speculate that the theory in which 10-dim and 
11-dim theories are embedded is at least 14 dimensional, and it contains all known branes 
and a new symmetry, continuing the sequence: gauge symmetry, general covariance, ? 
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